Abstract. We prove the existence of an infinite family of non-harmonic weak Maass forms of varying weights and Laplace eigenvalues having algebraic coefficients, and show that the coefficients of these forms satisfy congruences of Ramanujan type.
Introduction and statement of results
A partition of a positive integer n is a non-increasing sequence of positive integers whose sum is n. Let p(n) denote the partition function, i.e., the number of partitions of n, and set p(0) := 1. The generating function for p(n) is given by
The arithmetic behavior of the partition function has been of great interest. For example, we have the famous Ramanujan congruences p(5n + 4) ≡ 0 (mod 5), p(7n + 5) ≡ 0 (mod 7), p(11n + 6) ≡ 0 (mod 11) for every n ≥ 0. In a celebrated paper Ono [15] treated this type of congruence systematically, proving that for any prime ≥ 5 there exist infinitely many nonnested arithmetic progressions An + B such that for every n ≥ 0,
p(An + B) ≡ 0 (mod ).
Now consider the function
which is one of the mock theta functions Ramanujan [16] defined in his last letter to Hardy in 1920. While f (q) and P (q) have similar shapes, P (q) is (up to a power of q) a modular form and f (q) is not. However, f (q) does constitute the "holomorphic part" of a weak Maass form (see Section 2 for the definition of weak Maass form). The behavior of many arithmetic functions (Hurwitz class numbers, Dyson's ranks, and coefficients of other mock theta functions, to name a few) is governed by the coefficients of weak Maass forms (see [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] ). For example, Ono and the first author used weak Maass forms [7] to show that Dyson's rank generating functions satisfy congruences of Ramanujan type. Weak Maass forms have expansions involving Whittaker functions, and as in the theory of modular forms one is interested in forms whose expansions have algebraic coefficients. The known examples of such forms are harmonic, i.e., have Laplace eigenvalue zero. Here we show the existence of an infinite family of non-harmonic weak Maass forms of varying weights and Laplace eigenvalues possessing algebraic coefficients. In particular, suppose b ≥ 4 is even, let w be a nonnegative integer, let χ be a nontrivial Dirichlet character of conductor b with χ(−1) = (−1) w+1 , and write z = x + iy with x, y ∈ R. In Section 3 we explicitly construct a function f w+ 
2 }, then it follows from our construction that We also show that the coefficients of the f h w+ 
for all n > 0 with (n, Q) = 1 and
Two remarks. 1) From our construction of f w+ (z) modulo j as in [13] , and asymptotics for these coefficients as in [2] .
General facts on weak Maass forms
In this section we recall basic facts on weak Maass forms, which were first studied in [10] . For d odd, define d by
Suppose that k ∈ 1 2 + Z, and let
be the weight k hyperbolic Laplacian, where Definition. Let N be a positive integer, ψ a Dirichlet character modulo 4N and g : H → C a smooth function. We call g(z) a weak Maass form of weight k and Laplace eigenvalue λ on Γ 0 (4N ) with Nebentypus ψ if it satisfies the following three conditions:
(2) We have ∆ k g = λg.
(3) The function g(z) has at most linear exponential growth at all cusps. If λ = 0, we say that g(z) is harmonic.
Let us next recall the shape of the Fourier expansion of a weak Maass form. For this let ν, µ ∈ C and let W ν,µ (y) be the standard W -Whittaker function. Then W ν,µ (y) and W −ν,µ (−y) are linearly independent solutions of the differential equation
and can be distinguished by their asymptotic behavior, namely
A computation shows that W Using the translation invariance and properties (2) and (3) of a weak Maass form one can show that each weak Maass form g(z) of weight k and Laplace eigenvalue λ has an expansion of the form
where s is a solution of (2.5)
Note that by (2.2), the first sum in (2.4) is responsible for the possible exponential growth of g(z). We call a weak Maass form g(z) good if (1) a(n) = 0 for n ≥ 0, and (2) there exists a positive integer d such that a(n) = 0 implies that n > 0 or n = −dm 2 for some nonzero integer m. For functions g : H → C define the operator R k by
One can check (see [10] for the case of harmonic weak Maass forms) that this operator maps a weak Maass form of weight k and Laplace eigenvalue λ to a weak Maass form of weight k + 2 and Laplace eigenvalue λ + k with the same level and Nebentypus. We will refer to R k as the raising operator.
3. Proof of Theorems 1.1 and 1.2
We recall the following relations for Whittaker functions, which we will make use of in the proof of Theorem 1.1 (these follow, respectively, from 13.1.33 and 13.4.17, from 13.4.30, and from 13.4.31 and 13.4.33 of [1] ).
Here and in the following, for all occurring square roots we take a branch of the logarithm with a cut which does not intersect the real axis.
Proof of Theorem 1.1. Assume that for each v ∈ { (n) (for ease of notation we suppress the character χ) for 0 ≤ ≤ r (see (2.4)) by
(note that we have chosen the s = (y), as the others can be dealt with in a similar way.
Suppose 0 ≤ < r. For the n = 0 case we simply observe that (4πy)
Next suppose n < 0. We claim that
To see this, recall that for y > 0, (y).
Using (3.3) we find that
(y) (y) = y
(y),
(y).
Using these relations, we find that 
